5 Key Points: 6 • Derived a simple steady-state bulk-plume model for the temperature and humid-7 ity profiles of the atmosphere given the large-scale flow. 8 • Bulk-plume model predicts increasing relative humidity and stability with increas-9 ing large-scale upward motion. 10 • Bulk-plume model provides insight toward understanding relationships between 11 convection and the large-scale environment at long timescales.
M d so that,
where M net is the net vertical mass flux over the domain of interest, given by,
Here ρ is the density, w is the vertical velocity, and the overbar refers to a horizontal mean 175 over the domain of area A. Under RCE conditions, M net = 0, and the upward mass-176 flux within the plume is exactly balanced by subsidence in the environment. On the other 177 hand, for M net = 0 there is a net convergence or divergence of mass into the domain.
178
Using the steady-state continuity equation ∇ · ρu = 0, we may relate this net diver-179 gence of mass to the vertical gradient of M net , 180 ρu · n dl = − ∂M net ∂z ,
where u is the vector velocity, n is an outward unit normal, and the integral is taken around 181 the boundary of the domain at a fixed level. To derive an equation for the environmental relative humidity R, we consider the 184 water-vapour budget of the environment, which we express as (c.f., Romps, 2014) ,
where q ve is the specific humidity of the environment, q * vc is the saturation specific hu-186 midity of the plume, and F ls is the flux of water vapour into the domain via the large- where q x is the characteristic specific humidity of the air entering (for ∂ z M net > 0) or 195 leaving (for ∂ z M net < 0) the domain at a given level. Substituting the above relation- 196 ship into (5) and using (1) and (2), we have,
The second term on the left-hand side represents the effect of large-scale horizontal ad- 
Raymond and Zeng (2005) suggested an alternative choice in which the humidity out-208 side the domain is taken to be equal to the humidity profile of the RCE state (i.e., the 209 solution for M net = 0); this approach is explored further in Appendix A. 210 In order to use (7) to derive an equation for the environmental relative humidity, 211 we assume that the temperature of the plume and its environment are approximately 212 equal (see section 2.2 below), so that we may take the saturation specific humidity of the 213 environment to be equal to that of the plume, that is, q * ve = q * vc . Further approximat- 214 ing the environmental relative humidity as R = q ve /q * ve , we may write (7) as,
where we have defined γ = −∂ z ln(q * ve ). Following Romps (2014) 
Here, the moist static energy is defined h = c p T +gz+L v q v , c p is the specific heat ca-235 pacity at constant pressure, T is the temperature, g is the gravitational acceleration, L v 236 is the latent heat of vaporisation, and the subscripts c and e refer to the plume and the 237 environment, respectively. Following Singh and O'Gorman (2013), we assume that the 238 mean buoyancy of clouds is small relative to the buoyancy associated with an undilute 239 parcel ascent. Neglecting virtual temperature effects, this allows us to take the temper-240 ature of the environment T e as being equal to the temperature of the plume T c . This ap-241 proximation is well satisfied in our CRM simulations to be presented in the next section 242 (see Fig. 5 ).
243
Since the plume is saturated above cloud base, the above assumption gives that h c = 244 h * c = h * e , and (10) may be written, 
-9-manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)
To close the equation set, we construct an equation for γ by noting that
where e s (T ) is the saturation vapour pressure, p is the pressure, and R d and R v are the 250 gas constants for dry air and water vapour, respectively. Taking the vertical derivative,
251
we may use the Clausius-Clapeyron equation and hydrostatic balance to write,
where we have neglected virtual temperature effects.
253
The model for the temperature lapse rate presented here is identical to the zero-254 buoyancy plume model given in Singh and O'Gorman (2013) . According to this model, 
where s cond is the condensation rate within the plume. Using (1) and rearranging, we 268 may write the plume condensation rate as,
Since the plume model, as described in the previous subsections, does not include any 270 evaporation of condensed water within the environment, s cond represents the net con-271 densation rate at a given level. We consider the effects of precipitation reevaporation in 272 more detail in the next section, but for the moment, we may take the surface precipi- ronmental relative humidity, we make a number of simplifying assumptions. Note that 276 these assumptions are only applied for the purposes of deriving a simple formula for re-277 lating precipitation to relative humidity in steady state; they are not needed in our ap-278 plication of the vertically-resolved bulk-plume model to CRM simulations in the next 279 section. We first assume that |∂ z ln M u | << ε so that ε ≈ δ within the troposphere.
280
This assumption is valid provided the tropospheric mass flux varies over vertical scales 281 that are large compared to 1/ε, as is roughly the case in our simulations described in the 282 next section 1 , but it may not be an appropriate assumption in cases where the mass flux 283 has strong vertical structure. Our second assumption is that the downward mass flux is not valid if evaporation within the environment is considered, as the associated latent 290 cooling affects the environmental heat budget (see section 2.4 and Appendix B).
291
The above assumptions imply that M u = M RCE /r and allow us to write the plume 292 condensation rate as,
Using the diagnostic equation for the environmental relative humidity (9), we may ex-294 press r and δ/γ in terms of R, the relative humidity, and R RCE , the relative humidity 295 under RCE conditions (for which r = 1),
Combining the previous three equations and taking the vertical integral, we may con-298 struct an equation for the precipitation rate P ,
top of the convecting layer, and we have neglected vertical variations in relative humid-301 ity. The above equation may be cast in a simpler form by nondimensionalising the pre-302 cipitation rate by its RCE value P RCE ,
This relationship is plotted in Fig. 1 crease in the large-scale vertical velocity is associated with an increase in cloud mass flux 310 M u , which, by (14), is associated with an increase in the condensation rate, implying stronger 311 precipitation. At the same time, an increase in large-scale vertical velocity implies a de-312 crease in r, a weakening of the subsidence drying relative to the detrainment moisten-313 ing in the environment, and a corresponding increase in the relative humidity via (9).
314
Since R reaches saturation as r = M d /M u → 0, the mass flux (and the precipitation 315 rate) increase without bound as the atmosphere approaches saturation.
316
For large-scale descent (M net < 0), both the the relative humidity and precipi-317 tation rate decrease below their RCE value, until the precipitation rate becomes zero at 318 a relative humidity given by
if R min > 0 or at R = 0 otherwise. The bulk-plume model therefore only produces 320 physical solutions for R > R min .
321
More generally, the bulk-plume model predicts that steady-state convection can only be maintained when the condensation rate within the plume s cond > 0. Using (14) this condition may be expressed as In our derivation of the bulk-plume model above, we assumed that the only source 337 of water vapour in the environment is the detrainment of water vapour from clouds. But 338 clouds also detrain condensed water, and the evaporation of this condensed water pro-339 vides an additional source of water vapour in the environment. This evaporative source 340 may be included in the environmental water-vapour budget as an extra term on the right-341 hand side of (7),
In general, the magnitude of the source s evap depends on the detailed microphysical prop-343 erties of clouds and precipitation, and its representation within a bulk-plume model must 344 necessarily be a crude approximation. For example, Romps (2014) took s evap to be a fixed 345 fraction of the gross condensation rate at each level. A limitation of this approach is that, 346 for strong large-scale ascent (for which r < 1), it predicts relative humidities greater 347 than unity. This is because the evaporative source of water vapour does not approach 348 zero as the environment approaches saturation.
349
Here, we take a different but equally crude approach, and we assume that,
where µ is a non-dimensional parameter representing the importance of the evaporative 351 source of water vapour. The parameterisation (18) it may be shown that the environmental relative humidity is given by,
where δ T = δ(1 + µ) represents the "total" detrainment rate, including detrainment 360 of condensates that evaporate in the environment. The original expression (9) for R may 361 then be considered to be the special case in which µ = 0.
362
The assumptions leading to (19) 
Under large-scale descent, the evaporation rate increasingly dominates over the plume 372 condensation rate, and for sufficiently strong large-scale descent, the plume condensa-373 tion rate and the environmental evaporation rate are equal, and the implied precipita-374 tion efficiency is reduced to zero. Indeed, convection can be maintained only when the 375 net condensation rate is positive, requiring that
Comparing this equation to (16), it may be seen that the relative humidity below which 377 convection cannot be maintained in the steady-state bulk-plume model is sensitive to 378 our parameterisation of environmental evaporation. We therefore do not expect the bulk-379 plume model to be accurate in the case of large-scale descending motion; we discuss this 380 further when we compare the bulk-plume model to CRM simulations in the next section. structure given by,
as a time-invariant forcing to the simulations. Here, the forcing is applied at heights z <
This implementation neglects vertical advection of condensed water and momentum by 
453
Each simulation is run for 100 days, with the last 50 days used to construct time-454 averaged statistics. Statistics presented are therefore a representation of the steady-state 455 response to imposed forcing, although even after 50 days, there is some drift in domain-456 mean quantities in the warmest and most strongly forced cases (not shown).
457
In addition to the simulations using SAM described above, we have also conducted 458 a similar suite of simulations with varying large-scale forcing using the Bryan Cloud Model 459 (CM1; Bryan & Fritsch, 2002) to test the sensitivity of our results to model formulation.
460
The overall response to large-scale forcing is similar across both models, and so we fo-461 cus on the SAM simulations in the quantitative results shown in the next subsections, but we note in the text specific aspects of the results that differ depending on the CRM 463 used. is at least ten times larger in the simulation with the strongest large-scale forcing (w 0 = 481 5 cm s −1 ) compared to the RCE case. In contrast, the surface evaporation rate remains 482 similar to, or lower than, its RCE value as the forcing strength is varied. This imbalance 483 between the mean precipitation and evaporation rates for w 0 > 0 is associated with con- precipitation due to divergence of moisture from the column.
487
The large increase in precipitation rate with forcing strength is associated with a 488 similarly large increase in both the cloud mass flux and cloud area fraction as w 0 is in-489 creased (Fig. 3 ). For example, in the 300-K simulations, the mean cloud fraction at 2 490 km increases from 0.02 to 0.13 as w 0 is increased from 0 to 5 cm s −1 , while the mean 491 in-cloud vertical velocity actually decreases (see also section 4). Here, a gridbox is iden-492 tified as cloudy if it has a cloud water (liquid or solid) concentration greater than a thresh-493 old q thresh given by,
where q * l v (T , p) is the saturation specific humidity with respect to liquid evaluated at the 495 domain-mean temperature and pressure at each level.
496
Snapshots of the cloud field reveal that, as the large-scale upward motion increases, 497 both the size and number of cloudy regions increase (Fig. 4, contours) . However, even spread out over the domain. The simulations show little evidence of convective self-aggregation, 500 a state characterised by a a small region of active convection surrounded by a relatively 501 dry region with no precipitation (e.g., Bretherton, Blossey, & Khairoutdinov, 2005) .
502
The snapshots also reveal that the relative humidity outside of clouds increases with 503 increasing large-scale upward motion (Fig. 4, shading) , consistent with the prediction 504 of the bulk-plume model. Indeed, for the 300-K case, the environmental relative humid-505 ity increases monotonically with w 0 at almost all heights, except near to the tropopause 506 ( Fig. 5a ). To be consistent with the bulk-plume model, we define the environmental rel-507 ative humidity in the simulations as a ratio of specific humidities,
where the overbar refers to a time-and domain-mean, and the subscript e refers to a time-509 and domain-mean over cloud-free gridboxes. The saturation specific humidity is calcu-510 lated including ice, and following SAM's saturation adjustment scheme with a mixed-511 phase range between 253.16 K and 273.16 K.
512
We compare the simulated environmental relative humidity profiles to those pre-513 dicted by the bulk-plume model quantitatively in Fig. 5a,b . The bulk plume model is (Fig. 3a) . The entrainment and evaporation parameters are then set to be con-517 stants given by ε = 0.7 km −1 and µ = 2, respectively, to give a good overall fit to the 518 simulations. Given these inputs, the bulk-plume model is integrated from a nominal cloud 519 base at z b = 1062 m to the level z t at which the simulated cloudy mass flux decreases 520 to zero; full details of the solution method are provided in Appendix C.
521
For the 300-K case, the bulk-plume model is able to reproduce the basic features at high w 0 values, the bulk-plume model predicts that the relative humidity continues 530 to increase as the forcing is increased to w 0 = 5 cm s −1 . Finally, at the top of the con-531 vecting layer, the bulk-plume model predicts that the environmental relative humidity 532 approaches saturation, while in the simulations, R remains below 0.7 even for strong forc-533 ing. It should be noted, however, that the upper tropospheric relative humidity in our 534 RCE simulation is considerably lower than found using CM1 (see also Romps, 2014) and 535 in simulations with SAM at higher vertical resolution (not shown). The reasons for this 536 sensitivity of the upper-tropospheric humidity to model and resolution is the subject of 537 current study. Despite the differences mentioned above, the fidelity of the bulk-plume 538 model in reproducing the results of the CRM simulations is impressive given its simplic-539 ity.
540
The bulk-plume model also provides a prediction for the mean temperature pro-541 file of the atmosphere, and this prediction is compared to the simulated temperature pro-542 files for the 300-K case in Fig. 5c,d . To focus on the deviation of the temperature pro- file from that of a moist adiabat, we plot the temperature excess,
where T u is the temperature of a moist adiabat, approximated as the temperature of an 545 undiltued plume initialised at saturation at the level z b . The temperature of this undi-546 luted plume is calculated identically to the bulk-plume model, but with the entrainment 547 rate set to zero.
548
For both the simulations and the bulk-plume model, δT > 0 throughout the tro-549 posphere, implying that the mean temperature is lower than that of an undiluted plume, 550 and that the CAPE of the mean state is non-zero. The temperature excess δT is much 551 larger than the temperature difference between updraft cores (defined as cloudy grid- where the angle brackets represent a mass-weighted integral from the cloud base z b to 586 the height z t at which the cloud mass flux is reduced to zero. Also given on Fig. 1 are   587 estimates of values of r = 1.2, 0.5, and 0.333 along each curve.
588
For large-scale upward motion, the simulated relationship between precipitation 589 and tropospheric relative humidity is broadly similar to the theoretical prediction (15).
590
In both cases, the precipitation rate increases rapidly with relative humidity, with the 591 rate of increase being largest at high relative humidity 3 . Some details of the simulated 592 precipitation-relative humidity relationship are not captured by (15). For example, while 593 (15) contains no explicit dependence on surface temperature, except through its depen- Fig. 1 that steady-state convection can be maintained in the simulations at tropospheric 610 relative humidities substantially below R min . As we show below, the predicted minimum 611 relative humidity for which steady-state convection is possible is highly sensitive to the 612 parameterisation of evaporation used in the bulk-plume model.
613
As discussed in section 2.4, the evaporation parameterisation used in the bulk-plume humidity of approximately 5 0.39. This is substantially lower than the lowest steady-state 622 relative humidity we were able to simulate with the CRM, and it is close to a factor of 623 two smaller than R min as defined above. These results highlight the sensitivity of the As pointed out in the previous subsection, the convection in our standard set of 629 simulations with SAM remains relatively disorganised even when the forcing is strong 630 and the domain-mean precipitation increases to rates in excess of 40 mm day −1 (see Fig.   631 4). However, further exploration has revealed that this result is not robust to the CRM 632 used (SAM vs. CM1), or even to the method of applying the large-scale forcing. In par-633 ticular, we have conducted an alternate set of simulations identical to the 300-K simu-634 lations described above except that 1) the large-scale vertical velocity is allowed to ad-635 vect momentum and condensed water in addition to temperature and water vapour and 636 2) the forcing is allowed to act on the full fields rather than only their domain means as , 2015) .
669
Previous studies of RCE have identified the strongest convective updrafts within 670 the distribution as being those most sensitive to instability of the large-scale thermody-671 namic environment (Singh & O'Gorman, 2015) . In our simulations, however, these ex- Combining the previous two equations, we may derive a diagnostic for the environmen-778 tal relative humidity,
Following the same steps as in section 2.3, we may also derive a relationship between pre-780 cipitation and relative humidity in the presence of large-scale horizontal advection given 781 by,
where we have assumed that the vertical integral of s net is dominated by the lower tro-783 posphere (where the large-scale flow is convergent), and we have defined the non-dimensional 784 parameter B = 4(γH) −1 and neglected its vertical variations.
785
As for the no-horizontal-advection case, (A.1) predicts that the precipitation rate 786 increases rapidly with the environmental humidity. But when large-scale horizontal ad-787 vection is included, the increase in precipitation is even more rapid and the precipita- tions at different surface temperatures (Fig. 1) . Substituting this approximation into (B.1) and rearranging gives,
where we have used M d = rM u . From (19) we have that δ T rγ = R 1−R , and we may there-803 fore write,
Assuming that Q and q * vc γ do not vary as the cloud mass flux varies, the right-hand 806 side of the above equation is constant and equal to its value in RCE. We therefore have 807 that,
Finally, after some rearrangement, we have, 809 M u = M RCE r 1 + µ(1 − R RCE ) 1 + µ(1 − R) .
Substituting the above equation into (20) and following the same procedure as in sec-810 tion 2.3 gives the following relationship between the precipitation rate and the relative 811 humidity,
The above equation is plotted on Fig. 1 for the case µ = 2. The effect of evaporation 813 in the environment is small for large-scale descent and weak ascent, but it acts to increase 814 the precipitation rate for a given relative humidity when the large-scale ascent is strong.
815
Physically, this is because an increased descent rate is required to balance evaporative 816 cooling in the environment compared to the no-evaporation case. This higher descent 817 rate is associated with stronger subsidence drying in the environment, decreasing the rel-818 ative humidity for a given precipitation rate. Since the evaporation scales with the mass 819 flux, this effect becomes larger with increasing precipitation rate.
We solve the bulk-plume model by constructing an explicit equation for the tem-822 perature lapse rate using a similar method to Romps (2014). We first combine (12), (13) 823 and (19) to derive a quadratic equation for γ given by,
824
(γ − γ m ) (rγ + δ T ) − εrQγ = 0, (C.1)
and γ m is the fractional humidity gradient along a moist adiabat, given by,
Expressing (C.1) in terms of (γ−γ m ), solving the resultant quadratic, and expressing 827 the result in terms of the lapse rate, we may write,
where Γ m is the moist adiabatic lapse rate,
and we have taken the root that ensures that Γ → Γ m as ε → 0.
830
We integrate (C.2) in combination with the equation for hydrostatic balance, and pressure, the relative humidity is calculated based on (13) and (19).
